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It is known that if the statistic Y = CyS1 (Xj + aj)” is drawn from a popula- 
tion which is distributed N(0, u) then the distribution of Y depends on CT-, aj2 
only. Kagan and Shalaevski [2] have shown that if the random variables 
Xl , x2 ,..., X,, are independent and identically distributed and the distribution 
of Y depends only on Zy )-r aja, then each Xj is distributed N(0, 0). It is shown 
below that if the random vectors (Xi ,..., X,,,) and (X,,, ,..., X,) are inde- 
pendent and the distribution of Y depends only on ,& a$, then all X, are 
independent and distributed N(0, 0). 
THEOREM. Let (X, ,.,., X,) and (X,,,,, ,..., X,), 1 < m < n, be independent 
and let Y = xyzl (Xj + aj)” have a distribution which depends only on Cy=, aj’, 
aj E 9. Then all Xj are independent and distributed normally with zero means and 
common variance. 
Proof. Let F(x, ,..., x,), F&x, ,..., x,), FI(xm+I ,..., x,) be the distribution 
functions for the vectors (XI ,..., X,,), (X, ,..., X,), and (X,,, ,..., X,), respec- 
tively. Define a function h on 92” as follows: 
h(a, ,..., a,) = E exp 
= lglmexp (-i (q + aj)8) dF(x, ,..., x,) 
j=l 
aj ~94’. (1) 
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Note that h is continuous with respect to a, ,..., a, by the convergence theorem 
for Lebesgue integrals (See Loeve [3, p. 1251). Set 
G(u, ,..., u,J = (2) 
Because of the independence of (X, ,..., X,) and (X,n+, ,..., X,) we may write 
Now by expanding the exponent in (1) and using (2) and (3) we may write 
h(a, ,..., a,) = 
But by hypothesis 
h(a, ,..., (5) 
hence combining (4) and (5), 
- jgnmm exp (-jz+l 2w) exp (-j$+l aj2) G(G+I - 4 
= Y 2 aj2 , 
( 1 
ajEW. 
j=l 
Setting 
Y,(x) = Y(x) . e”, x 3 0, 
(6) 
(7) 
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we see that (6) becomes 
Let 
b, = 
i dGt,(x, 2..., x,) 5P 
4 = 1 G(xm+, ,..., 4 gp-m 
(9) 
and note that neither b, nor b, is zero. Evaluating (8) first when a,,, = 
a - ... ZzE m+2 - a,, = 0 and then when a, = a2 = ... = a, = 0 we find 
Substituting (10) into (S), 
Dividing both sides of (11) by bobI and setting 
ul,(x) - = Y2(4, 
bob, 
x>o (12) 
we have 
y2 (~%j y2 (ji+l%2) = y2 ($a?), ajEg (13) 
which is a form of the Cauchy equation (See AczCl [I, p. 311) and, because 
the continuity of Y, follows from the continuity of h, has solution 
Y2(x) = IF, x30 (14) 
where c is a real constant. From (12), 
Y,(x) = boblecn, x > 0. (15) 
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Now from (2) (5) and (7) we may write 
exp (-2 Zn,r,) dG(x, ,..., x,), ajE9?P; (16) 
j=l 
thus from (15) and (16) 
But (17) is an n-dimensional transform with parameters 2a, ,j = 1, 2,..., n, 
hence dG(x, ,..., x,) is determined uniquely by 
dG(x, ,..., 
Then from (2) 
-a. dx, , XjES2. (18) 
dF(x, ,..., -.a dx, , XjELX 
Since F is a distribution function k, and k3 must be given by 
k, = -(202)-l, 
k, = [(277)‘@cr~]-1, 
which shows all Xi to be distributed independently and normally with zero 
mean and common variance. 
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